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COMPOSITION OF SEGAL-BARGMANN TRANSFORMS
A. BENAHMADI, K. DIKI, AND A. GHANMI
Abstract. We introduce and discuss some basic properties of some integral transforms in
the framework of specific functional Hilbert spaces, the holomorphic Bargmann-Fock spaces
on C and C2 and the sliced hyperholomorphic Bargmann-Fock space on H. The first one is a
natural integral transform mapping isometrically the standard Hilbert space on the real line into
the two-dimensional Bargmann-Fock space. It is obtained as composition of the one and two
dimensional Segal-Bargmann transforms and reduces further to an extremely integral operator
that looks like a composition operator of the one-dimensional Segal-Bargmann transform with
a specific symbol. We study its basic properties, including the identification of its image and
the determination of a like-left inverse defined on the whole two-dimensional Bargmann-Fock
space. We also examine their combination with the Fourier transform which lead to special
integral transforms connecting the two-dimensional Bargmann-Fock space and its analogue on
the complex plane. We also investigate the relationship between special subspaces of the two-
dimensional Bargmann-Fock space and the slice-hyperholomorphic one on the quaternions by
introducing appropriate integral transforms. We identify their image and their action on the
reproducing kernel.
1. Introduction
The standard Segal-Bargmann transform intertwines the Schro¨dinger representation and the
complex wave representation of the quantum mechanical harmonic oscillator and plays an
important role in quantum optics, in signal processing and in harmonic analysis on phase
space [2, 7, 15, 10, 13]. Such transform has also found several applications in the theory of
slice regular functions on quaternions and the slice monogenic functions on Clifford algebras
[5, 11, 14, 12, 6, 3]. Its action on L2,ν(Rd,C), ν > 0, the Hilbert space of C-valued e−νx2dx-
square integrable functions on the real line, is given by (with a slightly different convention
from the classical one)
Bd,νf(z) := cνd
∫
Rd
f(x)e
−ν
(
x− z√
2
)2
dx; cνd :=
(ν
pi
) 3d
4
, (1.1)
and made the quantum mechanical configuration space L2,ν(Rd,C) unitarily isomorphic to the
Bargmann-Fock space
F2,ν(Cd) = Hol(Cd) ∩ L2,ν(Cd,C),
consisting of all L2-holomorphic functions with respect to the Gaussian measure e−ν|z|
2
dλ on
the d-dimensional complex space Cd, dλ being the Lebesgue measure on Cd.
A quaternionic counterpart of F2,ν(C) is the slice hyperholomorphic Bargmann-Fock space
introduced in [1] as
F2,νslice(H) = SR(H) ∩ L2,ν(CI ,H), (1.2)
where SR(H) denotes the space of (left) slice regular H-valued functions on the quaternions and
L2,ν(CI ,H) is the Hilbert space of H-valued L2 functions with respect to the Gaussian measure
on an given slice CI = R+RI. The corresponding Segal-Bargmann transform BνH is considered
in [6] and maps the Hilbert space L2,ν(R,H) of H-valued functions that are e−νx2dx-square
integrable on the real line onto F2,νslice(H). Its kernel function arises naturally as the unique
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extension of its holomorphic counterpart involved in (1.1) to a slice regular function. It can
also be realized as the generating function of the rescaled real Hermite polynomials
Hνn(x) := (−1)neνx
2 dn
dxn
(
e−νx
2
)
. (1.3)
In the present paper, we deal with the following special transform
Gνf(z, w) =
(ν
pi
) 1
2 Cψ1(B1,νf)(z, w) (1.4)
obtained as the composition operator Cψ1f = f ◦ ψ1 of the one-dimensional Segal-Bargmann
transform B1,ν with the specific symbol ψ1(z, w) = z+iw√2 . It is a special one-to-one trans-
form mapping the standard Hilbert space L2,ν(R,C) on the real line into the two-dimensional
Bargmann-Fock space F2,ν(C2) on the two-dimensional complex space. We study its basic
properties and characterize its image. Namely, we show that Gν(L2,ν(R,C)) coincides with
(Theorem 2.2)
A2,ν(C2) :=
{
F ∈ F2,ν(C2);
(
∂
∂z
+ i
∂
∂w
)
F = 0
}
. (1.5)
This was possible by realizing this transform in a natural way as the composition of the 1d and
2d Segal-Bargmann transforms (Theorem 2.1),
Gν = B2,ν ◦ B1,ν . (1.6)
Moreover, if Proj denotes the orthogonal projection on the one-dimensional Bargmann-Fock
space, we show that the transform
Rν := (B1,ν)−1 ◦ Proj ◦ (B2,ν)−1 (1.7)
defined on the whole F2,ν(C2) is a like-left inverse of Gν that can be expressed in terms of
the inverse of B1,ν and a composition operator with a specific symbol ψ2 : C −→ C2. More
explicitly, we have
RνF (x) =
(pi
ν
) 1
4
∫
C
F
(
ξ√
2
,−i ξ√
2
)
e−
ν
2
ξ
2
+
√
2νxξe−ν|ξ|
2
dλ(ξ). (1.8)
Further properties of the transform Gν when combined with the a rescaled Fourier transform are
also investigated (Theorem 2.6). They give rise to two extremely integral operators connecting
isometrically the one-dimensional Bargmann-Fock space F2,ν(C) to the two-dimensional one
F2,ν(C2).
The like-left inverse Gν in (1.8) as well as the quaternionic Segal-Bargmann transform BνH
are then employed to introduce and study the integral transform
Iν := BνH ◦ Rν . (1.9)
It is defined on the two-dimensional Bargmann-Fock space F2,ν(C2) with range in the slice
hyperholomorphic Bargmann-Fock space F2,νslice(H) in (1.2). We show that Iν reduces further
to the integral operator
Iνf(q) =
(ν
pi
)∫
C
f
(
ξ√
2
,
−iξ√
2
)
KνH(q, ξ)e
−ν|ξ|2dλ(ξ). (1.10)
whereKνH(q, ξ) is the reproducing kernel of F2,νslice(H) (see Theorem 3.2). The image Iν(F2,ν(C2))
is identified to be F2,νslice,i(H) the space of slice (left) regular functions on the quaternions leaving
invariant the slice Ci ' C (see Theorem 4.1). Added to Iν , we consider the integral transform
J ν := Gν ◦ (BνH)−1
from F2,νslice,i(H) into F2,ν(C2) with image coinciding with A2,ν(C2) (see Theorem 3.4). The
action of Iν and J ν on the bases and the reproducing kernels are given. It turns out that these
transforms connect the standard basis and the reproducing kernels of these two spaces.
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To present these ideas, we adopt the following structure: we study in Section 2 some basic
properties of the integral transform (1.4), we identify its image and the expression of its left
inverse. Section 3 is devoted to describe the transform Iν given through (1.9) as well as its
inverse, and to investigate the relationship between the classical Bargmann-Fock space on C2
and the slice-hyperholomorphic one on the quaternions. The appendix deals with a discussion
concerning the high 2n-dimension as well as with some special integral transforms that are
obtained as composition of Gν with the Fourier transform.
2. On composition of Segal-Bargmann transforms
The kernel function of the d-dimensional Segal-Bargmann transform Bd,ν in (1.1) is the
analytic continuation to Cd of the standard Gaussian density on Rd. It is given by
Aνd(z, x) = c
ν
de
−ν
(
x− z√
2
)2
(2.1)
with z2 := z21 + z
2
2 + · · · + z2d for z = (z1, · · · , zd) ∈ Cd. Then, the integral transform in (1.4)
acts on L2,ν(R,C) by
Gνf(z, w) :=
(ν
pi
) 1
2
∫
R
f(x)Aν1
(
z + iw√
2
, x
)
dx. (2.2)
The following result shows that the transform Gν can be realized in a natural way by means of
the Segal-Bargmann transforms Bd,ν ; d = 1, 2, according to the following diagram
L2,ν(R,C) B
1,ν
//
Gν &&
F2,ν(C)
B2,ν

F2,ν(C2)
Theorem 2.1. The above diagram is commutative, in the sense that we have Gν = B2,ν ◦ B1,ν
on L2,ν(R,C). Moreover, Gν defines an isometric operator mapping the Hilbert space L2,ν(R,C)
into the Bargmann-Fock space F2,ν(C2).
Proof. For every given ϕ ∈ L2,ν(R,C), the function B2,ν ◦ B1,ν(ϕ) is clearly a holomorphic
function on C2 and belongs to L2,ν(C2,C). Moreover, B2,ν ◦ B1,ν defines an isometric operator
from L2,ν(R,C) into F2,ν(C2) since B2,ν and B1,ν are. To conclude for the proof of Theorem
2.1, we only need to show that the diagram is commutative. Thus, for every given z, w ∈ C
and x, y ∈ R, we have
B2,ν ◦ B1,νf(z, w) =
∫
R2
∫
R
f(t)Aν2((z, w), (x, y))A
ν
1(x+ iy, t)dtdxdy
= cν2c
ν
1
∫
R2
∫
R
f(t)e
−ν
{(
x− z√
2
)2
+
(
y− w√
2
)2
+
(
t−x+iy√
2
)2}
dtdxdy
(∗)
=
(pi
ν
)
cν2
∫
R
f(t)Aν1
(
z + iw√
2
, t
)
dt. (2.3)
The transition (∗) follows by direct computation, making appeal of the Fubini theorem as well
as the explicit formula for the Gaussian integral. The proof of the theorem is completed by
comparing the right-hand side of (2.3) to (2.2). ♦
The next result identifies the image of L2,ν(R,C) by the one-to-one transform Gν , and char-
acterizes it as the kernel kerF2,ν(C2)(Dz,w) of the first order differential operator
Dz,w :=
∂
∂z
+ i
∂
∂w
acting on F2,ν(C2). More precisely, we assert the following
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Theorem 2.2. Keep notations as above and define A2,ν(C2) as in (1.5), A2,ν(C2) := kerF2,ν(C2)(Dz,w).
Then, we have
(i) A2,ν(C2) is a closed subspace of F2,ν(C2).
(ii) The functions eνm(z, w) := (z + iw)
m form an orthogonal basis of the Hilbert space
A2,ν(C2).
(iii) A2,ν(C2) = Gν(L2,ν(R,C)).
Proof. Notice first that by the definition in (1.4) and the fact that
B1,ν(Hνm)(ξ) =
(ν
pi
)1/4√
2
m
νmξm,
the action of Gν on the rescaled Hermite polynomials in (1.3) is given by
Gν(Hνm)(z, w) =
(ν
pi
) 1
2 B1,ν(Hνm)
(
z + iw√
2
)
= cν1ν
m(z + iw)m. (2.4)
Subsequently, the image Gν(L2,ν(R,C)) is then spanned by the functions eνm(z, w) := (z+ iw)m,
since the polynomials Hνk form an orthogonal basis of L
2,ν(R,C). Accordingly, the proof of
(i) readily follows and then A2,ν(C2) is a Hilbert space for the scalar product induced from
F2,ν(C2), while (iii) is an immediate consequence of (ii). Moreover, the functions eνk(z, w)
satisfy Dz,we
ν
k(z, w) = 0 and form an orthogonal system in the Hilbert space A2,ν(C2). To
conclude for (ii), we should prove completeness of eνk(z, w) in A2,ν(C2). To this end, let F ∈
F2,ν(C2) such that Dz,wF = 0 and 〈F, eνk〉L2,ν(C2,C) = 0 for all k and show that F is then
identically zero on C2. Indeed, by expanding F as series F (z, w) =
+∞∑
m,n=0
am,nz
mwn ∈ F2,ν(C2),
we show that
〈F, eνk〉L2,ν(C2,C) =
k∑
j=0
(
k
j
)
(−i)jak−j,j ‖ek−j‖2L2,ν(C,C) ‖ej‖2L2,ν(C,C) ,
where ej(ξ) = ξ
j. Hence 〈F, eνk〉L2,ν(C2,C) = 0, for every k = 0, 1, · · · , implies that(pi
ν
)2 k!
νk
k∑
j=0
(−i)j ak−j,j = 0. (2.5)
Moreover, we can show that the condition Dz,wF = 0 is equivalent to that
am+1,n = −i
(
n+ 1
m+ 1
)
am,n+1
for all m,n = 0, 1, · · · , which by induction infers
am,n = i
n
(
(m+ n)!
m!n!
)
am+n,0, m = 0, 1, · · · ; n = 1, · · · . (2.6)
Inserting this in (2.5), it yields ak,0 = 0 for all k and therefore am,n = 0 for all m,n by means
of (2.6). This yields the required result. ♦
Remark 2.3. The space A2,ν(C2) is on interest in itself. It is the phase space in 2-complex dime-
sion that is unitary isomorphic of the configuration space L2,ν(R,C). Moreover, the transform
Gν is a coherent state transform from L2,ν(R,C) onto A2,ν(C2) in (1.5), in the sense that its
kernel function can be recovered as a bilinear generating function of the orthonormal bases of
the Hilbert spaces L2,ν(R,C) and A2,ν(C2).
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Remark 2.4. The assertion (iii) in Theorem 2.2 shows that B2,ν(F2,ν(C)) = A2,ν(C2). This is
in fact contained in (2.4). Indeed, for em(ξ) = ξ
m, we have
B2,ν (em) (z, w) =
(ν
pi
) 1
2
(
1
2
)m
2
eνm(z, w).
Remark 2.5. The inverse transform of Gν is defined from A2,ν(C2) onto L2,ν(R,C) and is clearly
given by (B1,ν)−1◦(B2,ν)−1 and coincides with the restriction toA2,ν(C2) ofRν introduced below.
Now, let us consider the transform Rν from F2,ν(C2) into L2,ν(R,C) defined by the following
commutative diagram
F2,ν(C2) Rν //
(B2,ν)−1

L2,ν(R,C)
L2,ν(R2,C)
Proj
// F2,ν(C),
(B1,ν)−1
OO
where Proj stands for the orthogonal projection from L2,ν(C,C) onto the standard Bargmann-
Fock space F2,ν(C) and given by (see for example [15])
Projf(ξ) =
(ν
pi
)∫
C
f(ζ)eνξζe−ν|ζ|
2
dλ(ζ). (2.7)
The following result gives an integral representation of the operator Rν := (B1,ν)−1 ◦ Proj ◦
(B2,ν)−1. It involves of the inverse of B1,ν and the composition operator Cψ2F = F ◦ ψ2 with
the symbol function ψ2 : C −→ C2 given by
ψ2(ξ) :=
(
ξ√
2
,−i ξ√
2
)
. (2.8)
Theorem 2.6. The transform Rν defined on the whole F2,ν(C2) looks like a left inverse of Gν.
Moreover, we have
RνF =
(pi
ν
) 1
2
(B1,ν)−1(Cψ2F ) (2.9)
for every F ∈ F2,ν(C2) which explicitly reads,
RνF (x) =
(pi
ν
) 1
4
∫
C
F
(
ξ√
2
,−i ξ√
2
)
e−
ν
2
ξ
2
+
√
2νxξe−ν|ξ|
2
dλ(ξ). (2.10)
Proof. For every f ∈ L2,ν(R,C), the function B1,νf belongs to the one-dimensional Bargmann-
Fock space F2,ν(C) and therefore Proj(B1,νf) = B1,νf , so that Rν ◦ Gν = idL2,ν(R,C). This
shows that Rν is a left inverse of Gν . Moreover, making use of the integral representation of
the orthogonal projection (2.7) and of
(B2,ν)−1F (ζ) = cν2
∫
C2
F (z, w)e
− ν
2
(z2+w2)+ ν√
2
(ζ[z−iw]+ζ[z+iw])
e−ν(|z|
2+|w|2)dλ(z, w)
for ζ ∈ C and F ∈ F2,ν(C2), we get
Proj(B2,ν)−1F (ξ) = cν2
∫
C2
e−
ν
2
(z2+w2)F (z, w)I(ξ, z, w)e−ν(|z|
2+|w|2)dλ(z, w),
where for ξ, z, w ∈ C we have
I(ξ, z, w) :=
(ν
pi
)∫
C
e
−ν|ζ|2+ ν√
2
(ζ[z−iw]+ζ[z+iw+√2ξ])
dλ(ζ)
= e
ν
2
(z2+w2)+νξ
(z−iw)√
2 .
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Therefore, by the reproducing property for the two-dimensional Bargmann-Fock space F2,ν(C2),
we obtain
Proj(B2,ν)−1F (ξ) = cν2
∫
C2
F (z, w)e
ν
(
ξ√
2
z− iξ√
2
w
)
e−ν(|z|
2+|w|2)dλ(z, w)
=
(pi
ν
) 1
2
F
(
ξ√
2
,−i ξ√
2
)
for
Kν2 ((u, v), (z, w)) =
(ν
pi
)2
eν(uz+vw) (2.11)
being the reproducing kernel of F2,ν(C2). ♦
3. Connecting holomorphic and slice hyperholomorphic Bargmann-Fock
spaces
The slice hyperholomorphic quaternionic Bargmann-Fock space F2,νslice(H), considered in [1],
is a quaternionic counterpart of the holomorphic Bargmann-Fock space F2,ν(C). It is defined
to be the right H-vector space of all slice left regular functions on H, F ∈ SR(H), subject to
the norm boundedness ‖F‖2F2,νslice(H) < +∞. This norm is associated to the inner product
〈F,G〉F2,νslice(H) =
∫
CI
GI(q)FI(q)e
−ν|q|2dλI(q), (3.1)
where for given I ∈ S = {I ∈ H; I2 = −1}, the function FI = F |CI denotes the restriction
of F to the slice CI := R + IR and dλI(q) = dxdy for q = x + yI. It was shown in [1] that
F2,νslice(H) does not depend on the choice of the imaginary unit I and is a reproducing kernel
Hilbert space, whose the reproducing kernel is given by
KνH(q, p) =
(ν
pi
)
eν[q,p]∗ :=
(ν
pi
) +∞∑
m=0
νmqmpm
m!
; p, q ∈ H. (3.2)
This space is closely connected to L2,ν(R,H), the Hilbert space of all H-valued and L2 functions
on the real line with respect to the Gaussian measure. In fact, F2,νslice(H) can be realized as the
image of L2,ν(R,H) by considering the quaterenionic Segal-Bargmann transform [6]
BνHf(q) := cν1
∫
R
f(x)e
−ν
(
x− q√
2
)2
dx. (3.3)
Its inverse transform mapping F2,νslice(H) onto L2,ν(R,H) is given by
(BνH)−1F (x) = cν1
∫
CI
FI(q)e
− ν
2
q2+
√
2νxqe−ν|q|
2
dλI(q). (3.4)
Examples of slice hyperholomorphic functions in F2,νslice(H) can also be obtained from the one
of the standard Bargmann-Fock space on C by the extension lemma below.
Lemma 3.1 ([4, 9]). Let ΩI = Ω∩CI ; I ∈ S, be a symmetric domain in CI with respect to the
real axis such that ΩI ∩ R is not empty and
∼
Ω = ∪
x+yJ∈Ω
x+ yS be the symmetric completion of
ΩI . For every holomorphic function F : ΩI −→ H, the function Ext(F ) defined by
Ext(F )(x+ yJ) :=
1
2
[F (x+ yI) + F (x− yI)] + JI
2
[F (x− yI)− F (x+ yI)]; J ∈ S,
extends F to a regular function on
∼
Ω. Moreover, Ext(F ) is the unique slice regular extension
of F .
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This lemma can be extended to the context of the two-dimensional Bargmann-Fock space
F2,ν(C2) on C2. This lies on the simple idea that consists of considering an appropriate re-
striction operator from F2,ν(C2) into F2,ν(C) and next apply the extension Lemma 3.1. For
example, one can consider
Iν : F 7−→ F ◦ ψ2 7−→ Ext(F ◦ ψ2)
from F2,ν(C2) into a specific subspace of F2,νslice(H), where ψ2 : C −→ C2 is the one defined
in (2.8). The following result shows that the transform Iν is in fact realized by the following
commutative diagram
F2,ν(C2) Iν //
Rν

F2,νslice(H)
L2,ν(R,C)
inj
// L2,ν(R,H)
BνH
OO
where BνH is the quaternionic Segal-Bargmann transform in (3.3) and Rν is the transform given
by (2.9).
Theorem 3.2. The transform BνH ◦ Rν coincides with Iν and acts on F2,ν(C2) by
BνH ◦ RνF (q) =
(ν
pi
)∫
C
F
(
ξ√
2
,
−iξ√
2
)
KνH(q, ξ)e
−ν|ξ|2dλ(ξ), (3.5)
where KνH(q, ξ) is the reproducing kernel of F2,νslice(H) as given by (3.2).
For the proof, we will make use of the identity principle for slice regular functions
Lemma 3.3 ([4, 9]). Let F be a slice regular function on a slice domain Ω and denote by ZF
its zero set. If ZF ∩ CI has an accumulation point in ΩI for some I ∈ S, then F vanishes
identically on Ω.
Proof. On one hand, the function BνH ◦ RνF is slice regular by construction. On the other
hand, one can show easily that the function ξ 7−→ F
(
ξ√
2
, −iξ√
2
)
belongs to the one-dimensional
Bargmann-Fock space F2,ν(C) for every F ∈ F2,ν(C2), and therefore its extension given by
Lemma 3.1, is slice regular and belongs to F2,νslice(H). Moreover, by means of the reproducing
property for the elements in F2,νslice(H), we obtain the following identity
IνF (q) =
(ν
pi
)∫
C
F
(
ξ√
2
,
−iξ√
2
)
KνH(q, ξ)e
−ν|ξ|2dλ(ξ). (3.6)
To conclude that BνH ◦RνF and IνF are identically the same, we need only to prove it for their
restrictions on Ci ' C and then apply the identity principle for the slice left regular functions
(Lemma 3.3). To this end, we begin by rewriting the transforms BνH and Rν as
BνHf(q) =
〈
f, Sν(q, ·)
〉
L2,ν(R,C)
=
∫
R
f(x)Sν(q, x)e−νx
2
dx
and
RνF (x) = 〈Cψ2F, Sν(·, x)〉L2,ν(C,C) =
∫
C
F (ξ)Sν(ξ, x)e−ν|ξ|
2
dλ(ξ),
where Sν denotes the generating function of the rescaled Hermite polynomials Hνm given by
Sν(q, x) =
(ν
pi
) 1
2
+∞∑
m=0
(
νm
m!
) 1
2 qmHνm(x)
‖Hνm‖L2,ν(R,C)
=
(ν
pi
) 3
4
e−
ν
2
q2+
√
2νqx. (3.7)
Such kernel function satisfies
〈Sν(q, ·), Sν(ξ, ·)〉L2,ν(R,C) =
(ν
pi
) +∞∑
m=0
νmqmξ
m
m!
=:
(ν
pi
)
eν[q,ξ]∗ = K
ν
H(q, ξ).
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Thus, for every F ∈ F2,ν(C2) and q ∈ Ci ' C, we have
BνH ◦ RνF (q) =
〈
Cψ2F, 〈Sν(q, ·), Sν(··, ·)〉L2,ν(R,C)
〉
L2,ν(C,C)
=
(ν
pi
)∫
C
F
(
ξ√
2
,
−iξ√
2
)
eν[q,ξ]∗ e
−ν|ξ|2dλ(ξ) (3.8)
=
(ν
pi
)∫
C
F
(
ξ√
2
,
−iξ√
2
)
eνqξe−ν|ξ|
2
dλ(ξ)
= F
(
q√
2
,
−iq√
2
)
=: IνF (q),
since (ν/pi)eνqξ is the reproducing kernel of F2,ν(C) and ξ 7−→ F
(
ξ√
2
, −iξ√
2
)
∈ F2,ν(C). The
proof is completed. ♦
The following result identifies Iν(F2,ν(C2)) as the specific subspace of slice regular functions
in F2,νslice(H) leaving the slice Ci invariant,
F2,νslice,i(H) := {F ∈ F2,νslice(H); F (Ci) ⊂ Ci}.
Its sequential characterization reads
F2,νslice,i(H) =
{
F (q) =
+∞∑
m=0
qmcm; cm ∈ Ci,
+∞∑
m=0
m!
νm
|cm|2 < +∞
}
.
Theorem 3.4. The transform Iν maps F2,ν(C2) onto F2,νslice,i(H) and its action on the repro-
ducing kernel Kν2 ((u, v), (z, w)) in (2.11) is given by
Iν(Kν2 (·, (z, w)))(q) = KνH
(
q,
z + iw√
2
)
. (3.9)
Proof. Let F (z, w) =
+∞∑
m,n=0
am,nem,n(z, w) ∈ F2,ν(C2), where em,n(z, w) = zmwn. By means of
Theorem 3.2, we have IνF = BνH ◦ RνF ∈ F2,νslice(H). Moreover, for every q ∈ H, we have
Iν(em,n)(q) = Ext(Cψ2em,n)(q) = qm+n(−i)n2−
m+n
2
since Cψ2em,n(ξ) = (−i)n2−
m+n
2 ξm+n. Therefore
Iν(f)(q) =
+∞∑
j=0
qj
(
j∑
k=0
(−i)k2− j2aj−k,k
)
=
+∞∑
j=0
qjbj,
where the coefficients bj =
j∑
k=0
(−i)k2− j2aj−k,k belong to Ci. This shows that Iν(F2,ν(C2)) ⊂
F2,νslice,i(H). For the inverse inclusion, let F ∈ F2,νslice,i(H) and let f ∈ L2,ν(R,H) such that
F = BνHf . Now, since F (Ci) ⊂ Ci we get f0 ∈ L2,ν(R,C) and therefore f0 = RνF0 for some
F0 ∈ F2,ν(C2). Thus, F = BνH ◦ RνF0 = IνF0.
The formula (3.9) for arbitrary fixed (z, w) ∈ C2 immediately follows from the identity
principle (Lemma 3.3) for the left slice regular functions. Indeed, the left slice regular functions
q 7−→ Iν(Kν2 (·, (z, w)))(q) = Ext
(
ξ 7−→ Kν2
((
ξ√
2
,− iξ√
2
)
, (z, w)
))
(q) (3.10)
and
q 7−→ KνH
(
q,
z + iw√
2
)
=
(ν
pi
)
e
ν
[
q, z+iw√
2
]
∗ (3.11)
coincides on the slice Ci and therefore their difference is identically zero on the whole H. ♦
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Remark 3.5. For F (q) =
∑+∞
m=0 q
mcm ∈ F2,νslice,i(H), i.e., with cm ∈ Ci and
∑+∞
m=0
m!
νm
|cm|2 < +∞,
then the function f0 = RνF0 involved in the above proof is given by
f0(x) =
+∞∑
m=0
‖em‖L2,ν(C,C)
‖Hνm‖L2,ν(R,C)
cmH
ν
m(x) ∈ L2,ν(R,C).
Moreover, we have ‖f0‖L2,ν(R,C) = ‖F‖L2,ν(C,C).
The last result of this section concerns the following integral transform
J ν := Gν ◦ (BνH)−1
mapping F2,νslice,i(H) into the two-dimensional Bargmann-Fock space F2,ν(C2) and suggested by
the commutative diagram
F2,νslice,i(H)
J ν //
(BνH)−1

A2,ν(C2)
L2,ν(R,C)
Gν
88
.
Theorem 3.6. The image of J ν coincides with A2,ν(C2) in (1.5), and its action on any f ∈
F2,νslice,i(H) is given by
J νF (z, w) =
(ν
pi
) 1
2
F
(
z + iw√
2
)
. (3.12)
Moreover, for every fixed ξ ∈ C, we have
J ν (KνH(·, ξ)) (z, w) = Kν2
((
ξ√
2
,
−iξ√
2
)
, (z, w)
)
(3.13)
where KνH(q, ξ) and K
ν
2 ((u, v), (z, w)) are the reproducing kernel of F2,νslice(H) and F2,ν(C2) given
by (3.2) and (2.11) respectively.
Proof. Below, we identify C and Ci. The restriction of (BνH)−1 to F2,νslice,i(H) has as image
L2,ν(R,C) which is contained in L2,ν(R,H). This readily follows by proceeding in a similar
way as in Theorem 2.2 since the rescaled Hermite polynomials Hνm is an orthogonal basis of
L2,ν(R,C). Thus, by Theorem 2.2, we obtain
Gν ◦ (BνH)−1(F2,νslice,i(H)) = Gν(L2,ν(R,C)) = A2,ν(C2).
This can also be reproved since
J ν(em)(z, w) =
(
z + iw√
2
)m
= em(z, w) (3.14)
which immediately follows from the formula (3.13), whose the proof can be handled by direct
computation. Indeed, for given F ∈ F2,νslice,i(H), we have F (Ci) ⊂ Ci and (BνH)−1F = (B1,ν)−1Fi,
where (B1,ν)−1 is the inverse of the one-dimensional Segal-Bargmann transform and Fi is the
restriction of F to the slice Ci. Then, the proof is completed making use of the definition of
Gνf(z, w) = ( ν
pi
) 1
2 Cψ1(B1,νf)(z, w). ♦
Remark 3.7. The restriction of Iν = BνH ◦ Rν to A2,ν(C2) is the inverse of J ν := Gν ◦ (BνH)−1
for satisfying J ν ◦ Iν = IdA2,ν(C2).
In the next section, we investigate further properties of the integral transform Gν when
combined with the Fourier transform and connecting one and two-dimensional Bargmann-Fock
spaces. We also discuss possible generalization to d-complex space Cd.
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4. Appendix
We consider the rescaled Fourier transform F˜ν∓ defined on L2,ν(R,C) by F˜ν∓ =Mν/2Fν∓M−ν/2,
whereMα denotes the ground state transformMαf := e−α|z|2f , and Fν is the standard Fourier
transform on L2,0(R,C) = L2(R, dx) with
Fν∓(ϕ)(x) :=
( ν
2pi
) 1
2
∫
R
ϕ(u)e∓νixudx.
More explicitly, F˜ν∓ acts on L2,ν(R,C) as a bounded linear operator by
F˜ν∓(ϕ)(x) :=
( ν
2pi
) 1
2
∫
R
ϕ(u)e
ν
2
(x∓iu)2dλ(u). (4.1)
Thanks to the well-known Plancherel-theorem, it turns out that the Fourier transform F˜ν∓
maps unitary L2,ν(R,C) onto itself. Accordingly, we can consider the following commutative
diagrams
F2,ν(C) T
ν
1,∓ //
(B1,ν)−1

A2,ν(C2)
L2,ν(R,C)
F˜ν∓
// L2,ν(R,C)
Gν
OO
and F2,ν(C2) T
ν
2,∓ //
Rν

F2,ν(C)
L2,ν(R,C)
F˜ν∓
// L2,ν(R,C)
B1,ν
OO
.
The transform T ν1,∓ := Gν ◦ F˜ν∓ ◦ (B1,ν)−1 (resp. T ν2,∓ := B1,ν ◦ F˜ν∓ ◦ Rν) maps F2,ν(C) onto
A2,ν(C2) (resp. F2,ν(C2) onto F2,ν(C)). Their explicit formulas reduced further to elementary
composition operators involving the symbols ψ1(z, w) =
z+iw√
2
and ψ2(ξ) =
1√
2
(ξ,−iξ), and the
reducible representation of the unitary group U(1) := {θ ∈ C; |θ| = 1} defined by Γθϕ(ξ) :=
ϕ(θξ).
Theorem 4.1. The action of T ν1,∓ and T ν2,∓ are given respectively by
T ν1,∓ = B2,ν |F2,ν(C) ◦ Γ∓i =
(ν
pi
) 1
2 C∓iψ1 (4.2)
on F2,ν(C), and
T ν2,∓ = Γ∓i ◦ Proj ◦ (B2,ν)−1 =
(pi
ν
) 1
2 C∓iψ2 (4.3)
on F2,ν(C2). Moreover, we have T ν2,∓ ◦ T ν1,± = IdF2,ν(C) and T ν2,∓ ◦ T ν1,∓ = Γ−1IdF2,ν(C).
Proof. Recall first that the expression of (B1,ν)−1 given by
(B1,ν)−1f(x) = 〈f, Sν(·, x)〉L2,ν(C,C) ,
where Sν is the kernel function associated to the rescaled Hermite polynomials Hνm and given
by (3.7). Therefore, by Fubini’s theorem, we get
F˜ν ◦ (B1,ν)−1(f)(x) =
( ν
2pi
) 1
2
∫
C
f(ξ)
(∫
R
e
ν
2
(x∓iu)2Sν(ξ, u)du
)
e−ν|ξ|
2
dλ(u).
Straightforwardly, we obtain( ν
2pi
) 1
2
∫
R
e
ν
2
(x∓iu)2Sν(ζ, u)du = Sν(∓iζ, x).
Hence
F˜ν ◦ (B1,ν)−1f(x) = 〈Γ∓if, Sν(·, x)〉L2,ν(C,C) = (B1,ν)−1 ◦ Γ∓if(x). (4.4)
Consequently, the transform T ν1,∓ = Gν ◦ F˜ν∓ ◦ (B1,ν)−1 reduces further to
T ν1,∓f(z, w) = B2,ν ◦ B1,ν((B1,ν)−1 ◦ Γ∓if)(z, w) = B2,νf(∓iz,∓iw)
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by means of Theorem 2.1, as well as to
T ν1,∓ =
(ν
pi
) 1
2 Cψ1 ◦ B1,ν(B1,ν)−1 ◦ Γ∓i =
(ν
pi
) 1
2
Γ∓i ◦ Cψ1 =
(ν
pi
) 1
2 C∓iψ1
on F2,ν(C). Moreover, by Theorem 2.6 and (4.4), the action of T ν2,∓ := B1,ν ◦ F˜ν ◦ Rν on
F2,ν(C2) reads
T ν2,∓ =
(pi
ν
) 1
2 B1,ν ◦ F˜ν∓ ◦ (B1,ν)−1Cψ2 =
(pi
ν
) 1
2
Γ∓i ◦ Cψ2 =
(pi
ν
) 1
2 C∓iψ2 .
We also have
T ν2,∓ := B1,ν ◦ F˜ν∓ ◦ Rν
= B1,ν ◦ F˜ν∓ ◦ (B1,ν)−1 ◦ Proj ◦ (B2,ν)−1
= Γ∓i ◦ Proj ◦ (B2,ν)−1.
Finally, from (4.2) and (4.3), we obtain
T ν2,∓(T ν1,∓f)(ξ) = C∓iψ2(C∓iψ1f)(ξ)
= C∓iψ1f
(∓iξ√
2
,
∓ξ√
2
)
= f(−ξ)
as well as
T ν2,∓(T ν1,±f)(ξ) = C∓iψ2(C±iψ1f)(ξ)
= C±iψ1f
(∓iξ√
2
,
∓ξ√
2
)
= f(ξ).
♦
We conclude this paper by discussing the generalization to d-complex space Cd. This is
possible for d = 2k by considering the integral transform Gνk mapping isometrically the standard
Hilbert space L2,ν(R,C)) into the Bargmann-Fock space F2,ν(C2k) defined by induction
Gνk := B2
k,ν ◦ B2k−1,ν ◦ · · · ◦ B2,ν ◦ B1,ν .
We claim that for every f ∈ L2,ν(R,C) and Z = (z1, · · · , z2k) ∈ C2k we have
Gνkf(Z) = cν2kCψkB1,νf(Z) = cν2kB1,νf(ψk(Z))
where Cψk denotes the composition operator with the special symbol
ψk(Z) :=
1
2
k
2
2k−1−1∑
m=0
im(z2m+1 + iz2m+2).
The computations hold true for k = 1 and k = 2.
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